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(1) $\mathbb{R}^{n},$ $\mathbb{C}^{n}$ ,
(2) $H_{3}=\mathbb{R}^{2}\mathrm{x}\mathbb{R}$, 3
$H_{3}=\{(\begin{array}{lll}1 a c0 1 b0 0 1\end{array})|a,$ $b,$ $c\in \mathbb{R}\}\cong\{(c, b, a)\in \mathbb{R}^{2}\mathrm{x}\mathbb{R}\}$ .
(3) $M_{5}=\mathbb{C}^{2}\mathrm{x}\mathbb{R}$ , 5 Mautner $\theta$
$M_{5}=\{(\begin{array}{lll}e^{2\pi it} 0 z0 e^{2\pi i\theta t} w0 0 1\end{array})|t\in \mathbb{R},$ $z,$ $w\in \mathbb{C}\}\cong\{(z, w, t)\in \mathbb{C}^{2}\aleph \mathbb{R}\}$ .
(4) $D_{7}=\mathbb{C}^{2}\cross {}_{\beta}H_{3}$ , 7 Dixmier \beta
$\beta_{g}(z, w)=(e^{ia}z, e^{ib}w)\in \mathbb{C}^{2}$ , $g=(c, b, a)\in H_{3}$ .
$H_{3}$ I $\mathcal{M}_{5}$ , D7 I
$\Gamma$ $C^{*}(\Gamma)$ $\mathrm{C}^{*}$- $\Gamma$
(1) $\Gamma=\mathbb{Z}$ , $\mathbb{Z}^{n},$ $n\geq 2$ .
(2) $H_{3}^{\mathbb{Z}}$ , HX $H_{3}$
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$A$ C*- ( )
$L_{n}(A)= \{(a_{j})\in A^{n}. |\exists(b_{j})\in A^{n};\sum_{j=1}^{n}b_{j}a_{j}=1\}$ .
(general stable rank)
$([\mathrm{R}\mathrm{f}1,2])$ :
$\mathrm{s}\mathrm{r}(A)=\min$ { $n\in \mathrm{N}|L_{n}(A)$ An },
$\mathrm{c}\mathrm{s}\mathrm{r}(A)=\min$ { $n\in \mathrm{N}|\forall m\geq n$, GLm(A)0 $L_{m}(A)\text{ }$ transitive [ },
$\mathrm{g}\mathrm{s}\mathrm{r}(A)=\min${ $n\in \mathrm{N}|\forall m\geq n,$ $GL_{m}(A)$ $L_{m}(A)$ transdive [ }.
$GL_{m}(A)$ $A$ $m$ $GL_{m}(A)_{0}$
$\bullet$ $\mathrm{g}\mathrm{s}\mathrm{r}(A)\leq \mathrm{c}\mathrm{s}\mathrm{r}(A)\leq \mathrm{s}\mathrm{r}(A)+1$.
$\bullet$ $\forall n\geq \mathrm{s}\mathrm{r}(A),$ $\Rightarrow \mathcal{U}_{n}(A)/\mathcal{U}_{n}(A)_{0}\cong K_{1}(A)$ ( ).
$\bullet$ $\forall n\geq\max\{\mathrm{c}\mathrm{s}\mathrm{r}(A), \mathrm{g}\mathrm{s}\mathrm{r}(C(\mathrm{T})\otimes A)\},$ $\Rightarrow \mathcal{U}_{n-1}(A)/\mathcal{U}_{n-1}(A)_{0}\cong K_{1}(A)(\overline{1}\Pi 1\Sigma\downarrow)$ .
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$\mathcal{U}_{n}(A)$ $A$ $n$ $\mathcal{U}_{n}(A)_{0}$ $K_{1}(A)$
$A$ Kl $C(\mathrm{T})$ C*-
(F1) : $\mathrm{s}\mathrm{r}(C(X))=[\dim X/2]+1\equiv\dim_{\mathbb{C}}X$ , $\mathrm{c}\mathrm{s}\mathrm{r}(C(X))\leq[(\dim X+1)/2]+1$ ,
(F2) : $\mathrm{s}\mathrm{r}(A\otimes \mathrm{K})=\mathrm{s}\mathrm{r}(A)\Lambda 2$ , $\mathrm{c}\mathrm{s}\mathrm{r}(A\otimes \mathrm{K})\leq \mathrm{c}\mathrm{s}\mathrm{r}(A)\wedge 2$,
(F3) : $\mathrm{C}^{*}$- .. $\mathrm{O}arrow \mathrm{I}arrow Aarrow A/\mathrm{I}arrow \mathrm{O}$
$\mathrm{s}\mathrm{r}(I)\vee \mathrm{s}\mathrm{r}(A/\mathrm{I})\leq \mathrm{s}\mathrm{r}(A)\leq \mathrm{s}\mathrm{r}(\mathrm{I})\vee \mathrm{s}\mathrm{r}(A/\mathrm{I})\vee \mathrm{c}\mathrm{s}\mathrm{r}(A/\mathrm{I})$ ,
$\mathrm{c}\mathrm{s}\mathrm{r}(A)\leq \mathrm{c}\mathrm{s}\mathrm{r}(\mathrm{I})\vee \mathrm{c}\mathrm{s}\mathrm{r}(A/\mathrm{I})$
(F4) : $\mathrm{s}\mathrm{r}(M_{n}(A))=\{(\mathrm{s}\mathrm{r}(A)-1)/n\}+1$ , $\mathrm{c}\mathrm{s}\mathrm{r}(M_{n}(A))\leq\{(\mathrm{c}\mathrm{s}\mathrm{r}(A)-1)/n\}+1$ .
(cf.[Rfl,2], [Nsl], [Sh]). $X$ $C(X)$ $X$
$\mathrm{C}^{*}$- $\mathrm{K}$
$\mathrm{C}^{*}$- $\vee,$ $\wedge$ $[\cdot]$ , $\{\}$
3. SCOPE ( )
(1) : $G*\Gamma\Rightarrow \mathrm{C}^{*}$- $C^{*}(G\mathrm{x}\Gamma)$ . C*-
$G\mathrm{x}$ F $C^{*}(G\mathrm{x}\Gamma)$ $7\Gamma\acute{\mathrm{x}}^{\text{ }}$
1- $G(-\alpha),$ $\alpha>0$ $G(-1)$
.$\mathrm{C}^{*}-$ ([Rs]).
(2) : ( $G\mathrm{x}$ I)\triangle \Leftarrow \rightarrow $(C^{*}(G\mathrm{x}\Gamma))^{\wedge}$ . $G$ $\cross$ r(
) (unitary dual) $C^{*}(G\mathrm{x}\Gamma\rangle$
( )
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(3) :Reduction $:(G’\mathrm{x}\Gamma)^{\wedge}\Leftarrow(G\mathrm{x}\tilde{\Gamma})^{\wedge}$. $G,$ $\Gamma$ $\tilde{\Gamma}$ r
G’ $G$ G $\cross$ r
$G’\mathrm{x}$ r Reduction $M_{5}$
Mautner Md ([Bg]):
$M^{d}=\{(\begin{array}{ll}e^{it} z0 1\end{array})|t\in \mathbb{Z},$ $z\in \mathbb{C}\}\cong\{(z, t)\in \mathbb{C}\mathrm{x}\mathbb{Z}\}$ .
(4) : $\dim_{\mathbb{C}}(G\mathrm{x}\Gamma)_{1}^{\wedge}+----*$ $\mathrm{s}\mathrm{r}(C^{*}(G\mathrm{n}\Gamma))$ . $G\mathrm{x}$ I 1
$(G\mathrm{x}\Gamma)_{1}^{\wedge}$ $C^{*}(G*\Gamma)$
I I
(5) : $\mathrm{C}$ ’- $(C^{*}(G), \Gamma, \alpha)\Leftrightarrow \mathrm{C}$ ’- $C^{*}(G)x_{\alpha}\Gamma$ . C’- $(C^{*}(G), \Gamma, \alpha)$
$\mathrm{C}^{*}$- $C^{*}(G)\mathrm{x}_{\alpha}$ I C*-
C*-
4.








(C) : $C^{*}(Dm_{4})\Rightarrow C^{*}(Dm_{4}^{d})\Rightarrow C^{*}(H_{3}^{\mathbb{Z}})\mathrm{x}\mathbb{Z}$. Diamond
$Dm_{4}=H_{3}\mathrm{x}_{\alpha}\mathbb{R}$ $\mathrm{C}^{*}$- ([SdlO]).
$\alpha_{t}(c, b, a)=(c, e^{t}b, e^{-t}a)\in H_{3}$ , $t\in \mathbb{R}$ .
$Dm_{4}^{d}=H_{3}\mathrm{x}_{\alpha}\mathbb{Z}$ $H_{3}^{\mathbb{Z}}\mathrm{x}_{\alpha}\mathbb{Z}$
$C^{*}(H_{3}^{\mathbb{Z}})\mathrm{x}\beta \mathbb{Z}$ $C^{*}(H_{3}^{\mathbb{Z}})$
$U,$ $V,$ $W$ ( $W$ ), $t\in \mathbb{Z}$ \beta .$\cdot$
$\beta_{t}(U)=e^{2\pi i\theta_{1}}{}^{t}U$, $\beta_{t}(V)=e^{2\pi i\theta_{2}}{}^{t}V$, $\beta_{t}(W)=W$, $\theta_{1},$ $\theta_{2}\in \mathbb{R}$ .
(D) : $M_{n,m}=\mathbb{C}^{n}\mathrm{x}_{\alpha}\mathbb{R}^{m}\Rightarrow M_{n,m}^{d}=\mathbb{C}^{n}\aleph_{\alpha}\mathbb{Z}^{m}$. $\mathbb{R}^{m}$









...... , $1\leq j<N$
4. .$\cdot$
(A) [Sd7]. $G=\mathbb{C}^{n}\mathrm{x}_{\alpha}\mathbb{Z}$ . \mbox{\boldmath $\alpha$}
/ $-1\cong\{$
$C_{\mathit{0}}(\mathbb{C}^{g}\cross \mathrm{T})$ , $0\leq g\leq n$







$2\vee \mathrm{d}\mathrm{i}\mathrm{m}\mathrm{c}\hat{G}1\vee \mathrm{m}\mathrm{a}\mathrm{x}jDj$ , if $\dim\hat{G}_{1}$ even,
$(1+\mathrm{d}\mathrm{i}\mathrm{m}\mathrm{c}\hat{G}1)\vee \mathrm{m}\mathrm{a}\mathrm{x}jDj$ , if $\dim\hat{G}_{1}$ odd,
$\bullet$ $2 \leq \mathrm{c}\mathrm{s}\mathrm{r}(C^{*}(G))\leq(1+\dim_{\mathbb{C}}\hat{G}_{1})\vee\max D_{j}j$.
$Cj,$ $Dj$ \mbox{\boldmath $\alpha$} $\mathbb{C}^{n}$
$G=\mathrm{R}^{n}\mathrm{n}_{\alpha}\mathbb{Z}$











$\mathfrak{U}_{\theta}=C(\mathrm{T})\mathrm{x}_{\theta}\mathbb{Z}$ \mbox{\boldmath $\theta$} $\mathrm{C}^{*}$ - $w=1/2\pi,$ $\Gamma(\mathrm{T}, \{\cdot\}_{\theta})$ $\theta$
$\mathrm{T}$ $\mathrm{C}^{*}$ - $\{\}$
$(D_{4n}^{d})_{1}^{\wedge}=\mathrm{T}^{2n+1}$ . .$\cdot$





(I) : $C^{*}(Dm_{4})\cong C^{*}(H_{3})\mathrm{x}_{\alpha}\mathbb{R}\cong\Gamma_{0}(\mathbb{R}, \{\mathfrak{U}_{t}\nu_{\alpha}\mathbb{R}\}_{t})$, wheoe
$\mathfrak{U}_{0}\mathrm{x}_{\alpha}\mathbb{R}=C_{0}(\mathbb{R}^{2})\mathrm{x}_{\alpha}\mathbb{R}$ , $\mathfrak{U}_{t}\mathrm{x}_{\alpha}\mathbb{R}\cong \mathrm{K}\otimes C_{0}(\mathbb{R})$ $t\in \mathbb{R}\backslash \{0\}$ .
.$\cdot$
$\mathrm{s}\mathrm{r}(C^{*}(Dm_{4}))=2$ , $\mathrm{c}\mathrm{s}\mathrm{r}(C^{*}(Dm_{4}))=1$ .
.$\cdot$
(II) : $C^{*}(Dm_{4}^{d})\cong C^{*}(H_{3})x_{\alpha}\mathbb{Z}\cong\Gamma_{0}(\mathbb{R},$ $\{\mathfrak{U}_{t}\aleph_{\alpha} \mathbb{Z}\}$ , where
$\mathfrak{U}_{0}\mathrm{x}_{\alpha}\mathbb{R}=C_{0}(\mathbb{R}^{2})\mathrm{x}_{\alpha}\mathbb{Z}$ , $\mathfrak{U}_{t}n_{\alpha}\mathbb{R}\cong \mathrm{K}\otimes C(\mathrm{T})$ $t\in \mathbb{R}\backslash \{0\}$ ,
and $\mathrm{s}\mathrm{r}(C^{*}(Dm_{4}^{d}))=2$ , $\mathrm{c}\mathrm{s}\mathrm{r}(C^{*}(Dm_{4}^{d}))=2$ .
(III) : $\mathfrak{B}\equiv C^{*}(H_{3}^{\mathbb{Z}})\mathrm{x}_{\beta}\mathbb{Z}\cong\Gamma(\mathrm{T}, \{\mathfrak{U}_{\theta}\mathrm{x}_{\beta}\mathbb{Z}\}_{\theta})$ , $\mathfrak{U}_{\theta}=C(\mathrm{T})\mathrm{x}_{\theta}\mathbb{Z}$ ,
and $\mathrm{s}\mathrm{r}(\mathfrak{B})=2$, $\mathrm{c}\mathrm{s}\mathrm{r}(\mathfrak{B})=2$.
. (I), (II) $C^{*}(H_{3})\cong\Gamma_{0}(\mathbb{R}$ , {Ut} , $\mathfrak{U}_{0}=C_{0}(\mathbb{R}^{2}),$ $\mathfrak{U}_{t}=\mathrm{K},$ $t\in \mathbb{R}\backslash \{0\}$
(III) $C^{*}(H_{3}^{\mathbb{Z}})\cong\Gamma(\mathrm{T}, \{\mathfrak{U}_{\theta}\}_{\theta})$ $\mathrm{c}\mathrm{s}\mathrm{r}(C^{*}(Dm_{4}))=1$
$C^{*}(Dm_{4})$ Kl- $K_{1}(C^{*}(Dm_{4}))$ {0}
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(&K.
$0\leq k_{j}’\leq k_{j},$ $0\leq h_{j}\leq m-j$ .
$\{$
$\mathrm{s}\mathrm{r}(C^{*}(M_{n,m}))=2\vee \mathrm{d}\mathrm{i}\mathrm{m}\mathrm{c}(M_{n,m})_{1}^{\wedge}$ , if $\dim(M_{n,m})_{1}^{\wedge}$ even,
$2\vee\dim_{\mathbb{C}}(M_{n,m})_{1}^{\wedge}\leq \mathrm{s}\mathrm{r}(C^{*}(M_{n,m}))\leq 1+\dim_{\mathbb{C}}(M_{n,m})_{1}^{\wedge}$ , if $\dim(M_{n,m})_{1}^{\wedge}$ odd,
$\mathrm{c}\mathrm{s}\mathrm{r}(C^{*}(M_{n,m}))\leq 2\vee \mathrm{c}\mathrm{s}\mathrm{r}(C_{0}((M_{n,m})_{1}^{\wedge}))=[(1+\dim(M_{n,m})_{1}^{\wedge})/2]+1$ .
$\text{ }$ (D) [Sdll]. $M_{n,m}^{d}=\mathbb{C}^{n}x_{\alpha}\mathbb{Z}^{m}$ . \mbox{\boldmath $\alpha$}
$2_{j}/2_{j-1}\cong\{$
$C_{0}(\mathbb{C}^{l}\cross \mathrm{T}^{m})$ ,
$C_{0}(\mathbb{C}^{l}\cross \mathrm{R}^{k_{j}}\cross \mathrm{T}^{m_{\mathrm{j}}})\otimes(C(\mathrm{T}^{k_{\mathrm{j}}’})\aleph \mathbb{Z}^{m-m_{\mathrm{j}}’})$ .
$C(\mathrm{T}^{k})\aleph \mathbb{Z}^{m}\cong\{$
AT or $AH$
$EAH_{\mathit{8}}$ $(1 \leq s\leq m-1)$
$HE_{m}$
$\bullet$ AT AT AH $AH$
$\bullet$ $0arrow SAHarrow EAH_{1}arrow AHarrow 0$ , where
$AH$ $AH$ $SAH$ suspensim.
$0arrow SEAH_{\epsilon}arrow EAH_{\epsilon+1}arrow EAH_{s}arrow 0,$ $(1\leq s\leq m-1)$ ,
$\bullet$ $0arrow SHarrow HE_{1}arrow Harrow 0$ , where
$H$ $\mathrm{C}^{*}$ - $SH$ supension.





$2\vee\dim_{\mathbb{C}}(M_{n,m})_{\hat{1}}\vee \mathrm{m}\mathrm{a}\mathrm{x}j_{t}Dj_{t}$ , if $\dim(M_{n,m})_{1}^{\wedge}$ even,
$(1+\mathrm{d}\mathrm{i}\mathrm{m}\mathrm{c}(M_{n,m})_{1}^{\wedge})\vee \mathrm{m}\mathrm{a}\mathrm{x}j_{t}Dj_{t}$ , if $\dim(M_{n,m})_{1}^{\wedge}$ odd,
$\bullet$
$2 \leq \mathrm{c}\mathrm{s}\mathrm{r}(C^{*}(M_{n,m}))\}\leq(1+\mathrm{d}\mathrm{i}\mathrm{m}\mathrm{c}(M_{n,m})_{1}^{\wedge})\vee\max Dj_{t}j_{t}$ .
$Cj_{t},$ $Dj_{t}$ $C(\mathrm{T}^{k})\mathrm{x}\mathbb{Z}^{m}$ $\mathrm{C}^{*}$ - Jj/ -l
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